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Competitive exclusion and coexistence in a model with age-structured
resource

S. Girel' and Q. Richard?

Université Cote d’Azur, CNRS, LJAD, Parc Valrose, 06108 Nice, France
2Université de Montpellier, CNRS, IMAG, 34090 Montpellier, France.

Abstract

In this paper, we introduce and analyse a model in which a shared, age-structured resource is exploited by two com-
peting populations through age-dependent interaction kernels. It provides a general framework for studying resource-
mediated competition in epidemiology, immunology and ecology.

We use integrated semigroups theory to establish the well-posedness of the model and its fundamental properties,
including positivity and the existence of a global attractor. Then, by means of Lyapunov functionals, persistence
results and generalised LaSalle principle, we fully characterize the asymptotic dynamics in terms of the competitors’s
basic reproduction numbers and invasive fitnesses.

Our results demonstrate that in addition to the classical competitive exclusion, the system can exhibit globally
asymptotically stable coexistence, an outcome allowed by a mechanism of age-mediated niche partitioning.

Keywords: Global asymptotic stability; Lyapunov functionals; Integrated semigroups theory; Niche partitioning;
Competitive exclusion; Coexistence.

1 Introduction

Understanding the outcome of competition for a shared resource is a recurrent question in biological fields such as ecology,
epidemiology or immunology. In this context, the competitive exclusion principle, or Gause’s principle, states that only
the strongest competitor, typically characterized by the largest basic reproduction number, survives while all others go
extinct.

This principle faces limitations, as coexistence is frequently observed in real biological systems and is often explained
by niche partitioning mechanisms, whereby competitors adopt different strategies to exploit the resource. These include
spatial or temporal separation of predation, or specialization on distinct subsets of the resource [5, 14, 21]. These
observations have motivated the development of numerous mathematical models to identify which mechanisms may
relax competitive exclusion. Many of them are extensions of the Kermack—McKendrick epidemiological model or of
the competitive Lotka-Volterra equations [22, Sections 3.5 and 10] incorporating various sources of variability such as
interaction terms that do not obey the law of mass action [3-5], spatial heterogeneity through diffusion and/or advection
[1, 26, 30], time delay [3] or an effect of seasonality [2, 17].

In this paper, we investigate the effect of age-structure of the resource population, motivated by the idea that spe-

cialization of competitors for different ages of the resource might allow for competitors coexistence [6]. We consider the
following model, in which two populations, y; and ys, compete for the same age-structured resource x:
Opx(t,a) + Oax(t,a) = —pg(a)z(t,a) —z(t, a)(Bi(a)yr(t) + B2(a)y2(t)),
() = yi)e [y Ai(a)z(t,a)da — iy (t),
() = wa(t)ea [y Bala)z(t,a)da — pays(t), (1)
x(t,0) = A,
(#(0,),41(0),%2(0)) = (20,Y1,0,¥20) € L' (R4, Ry) x RE.

Death rates are described by the parameters p;. The functions g; are age-dependent interaction kernels, allowing each
competitive population to exploit different segments of the structured resource. This heterogeneity captures biological
situations where the resources differ in accessibility and suitability across their life cycle. In ecological systems, this
corresponds for instance to predators specializing on juvenile versus adult prey, or plants versus fruits; in epidemiology
or immunology, it reflects the spread of two strains among susceptible individuals or immune cells, where the infection
probability is age or stage dependent.



Figure 1: Graphical representation of model (1)

Unlike epidemiological models, where interactions induce a direct transfer from the susceptible to the infected class,
ecological predation involves losses that are not fully converted into predator growth. This is embedded in the conversion
factors ¢; and co, as in the Lotka-Volterra equations, which are set to 1 in epidemiological context.

An assumption of the model is that the influx of resources of age 0 is constant, i.e. x(t,0) = A, rather than linear
in the density of resources. This assumption is standard in mathematical immunology and epidemiology [18]. While less
common in ecology, it is relevant in situations involving allochthonous resources [12, 23], i.e. resources that originate
from a place other than where they will live, such as algae dragged by a river to the shore, seeds spread by the wind
or by animals. It also makes sense when the resource is a product of human activity, such as breeding, plantation, or
industrial byproduct. It is also appropriate for competitive species in a chemostat [3], where the controlled resource
supply is constant.

The problem of competition for the same age-structured resource with a linear source term has, to our knowledge, not
been investigated. Only the case of a single (unstructured) predator hunting an age-structured prey has been analysed
in [25] (see also the references therein), then generalising the predator-prey Lotka-Volterra equations to age-structured
prey. The authors show that not only this system can produce periodic solution (as in the Lotka-Volterra ODE system),
but also extinction of both population, convergence to a positive equilibrium or unbounded solutions.

In [7], Djidjou-Demasse et al. proposed a within-host competition model in which a population of red blood cells
(the resource) can be infected by multiple Plasmodium strains. The resource is discretely structured into three stages,
while the parasite populations are structured by a continuous age variable. Moreover, infection is mediated by the release
of merozoites and thus deviates from the mass-action assumption. Although this modeling framework is tailored to a
specific biological system, it addresses similar questions to those we are considering here. In particular, the authors show
that stable coexistence may occur under explicit conditions on the parameters, a feature that we also recover in our more
general setting.

Models with structures closely related to (1) have been considered in which the competitors are age-structured while

the resource is not and with ¢; = 1. First Magal, McCluskey and Webb [15] analyzed the single-strain case, later extended
to multiple strains by Martcheva and Li [19], and further refined in [27], for the two strains case, in which the degenerate
situation where two strains sharing equal reproduction numbers is considered. In a recent work [9], we completed this

line of research by treating the case of an arbitrary number of strains where the maximal reproduction number can be
shared by several strains. These works consistently show that age-structure in the competitors alone does not allow
for robust coexistence: competitive exclusion holds generically while coexistence can only occur for singular parameter
values, resulting in a continuum of equilibria.

Instead, in this paper we show that considering age-structure in the resource has a fundamentally different effect, as it
allows for structurally stable coexistence under suitable conditions on the kernels ;. In particular, a necessary condition
is that 5 and (1 are not proportional, which is consistent with the concept of niche partitioning.

This paper is organized as follows. We first establish the well-posedness of the model using integrated semi-group
theory and the method of characteristics. We characterize the omega-limit sets of each initial condition and prove the
existence of an asymptotically stable global attractor. Then we state the conditions of existence of equilibria in terms of
basic and invasion reproduction numbers.

Next, we define candidate Lyapunov functionals. Those functions are not defined on the whole phase space. We
prove that, thanks to the regularization induced by the boundary condition, they are defined and differentiable along all



complete orbits included in suitable invariant subsets, and conclude that they are valid Lyapunov functionals on those
subsets. In particular, the proof that those functions are well defined on the omega-limit sets requires to demonstrate the
uniform persistence of the flow, using criteria from [11, 28] based on the behaviour of the flow near the equilibria included
in the boundary.

Finally, we compute the basin of attraction of each equilibrium and prove its stability. This is achieved by considering
that, under suitable conditions, i) the omega-limit set of each compact set is attractive, ii) a Lyapunov functional is
defined on this set and i) this omega-limit set contains an equilibrium. Using a generalisation of the LaSalle invariance
principle [28, Theorem 2.52], we conclude that each omega-limit set actually reduces to a single equilibrium.

2 Framework and preliminary results

We begin this section by introducing the framework and the different notations. Then we establish several properties of
the semiflow, such as its well-posedness, positivity, dissipativity as well as the existence of a global attractor. Finally we
state the fundamental properties of the omega-limit sets.

2.1 Assumptions and notations
Throughout this article, we consider that the following assumption is satisfied.
Assumption 2.1. We suppose that:

o Ly, 1 and By are in L (R, Ry),

o A, py and pgy are in R,

o there exists pp > 0 such that pg(a) > po a.e. a > 0.

We introduce the notations p = min{uo, p1, o}, i = max{||pz||Le~, pt1, g2}, ¢ = min{1, 1, c2} and € = max{1, ¢y, co}.
Let us define, X; = L'(R;,Ry) x R? and, for i € {1,2}, the sets X; = {(z,vy1,42) € X4 : y; > 0} and 9X; =
{(z,y1,92) € Xy 1y =0}

Definition 2.2. Let ® : Ry x X — X be a semiflow. A set Sy C X is said to attract a set So C X4 if S1 # 0 and

d(®.(52),S1) ;== sup inf9 [|®:(s2) — s1]lx . — 0.

52€S5,51€S51 —+00

2.2 Qualitative properties of the semiflow

We first use the theory of integrated semigroups to assess the existence of a unique mild (integrated) solution to system
(1) for any initial condition (zo,y1,0,¥2,0) € X+. We use the notations and definitions from [16, 28] and introduce the

linear operator A: D(A) C X — X by
(O> ( iy )
— / p—
al\=) | ' — pgx
Y1 —H1Y1

Y2 —H2Y2

where D(A) = ({0} xWHH R, R))xR? and X = (Rx L' (R, R))xR?. We also define Xy = D(A) = ({0} x L' (R, R))xR?
and its positive cone Xpy = ({0} x L' (R4, Ry)) x R3. We introduce Ay, the part of A on X, i.e. the restriction of A to

D(Ag) = {z € D(A) : Az € D(A)}.

Finally, we define the non-linear function F : Xy — X by

0 ( A )
F <$> . —y1817 — Y2 for
vy | T ey sy Bila)z(a)da

Y2 2z [y B2(a)z(a)da
Then system (1) can be rewritten as the following abstract semilinear Cauchy problem with u(t) = ((0, z(¢,-)), y1(t), y2(t))
Vi >0, u'(t) = Au(t) + F(u(t)) ; u(0) =ug € Xy (2)

Since Xy = D(A) C X, i.e. A is a non-densely defined operator, integrated solutions of (2) will belong to Xy. Moreover,
the non-linear operator A + F' satisfies the following properties.



Lemma 2.3.
1. A is a Hille-Yosida operator, with (—p,+00) C p(A), where p(A) denotes the resolvent set of A, A is resolvent
positive (i.e. Y\ € p(A), (M — A)71X, C Xy) and

(M = A)"")[|zx) < —, VA> —pu, Vn > 1.

1
(A+p)

2. F is a locally Lipschitz continuous function: ¥Vr > 0, 3K, > 0 such that
1 (uo) — F(to)||x < Krlluo — tiol|x
for every (ug,tg) € (Xo N Bx(0,7))% where Bx(0,7) is the ball of X centered at 0x with radius r.
Proof. 1. Let A € R, ((0,2),y1,y2) € D(A) and (o, ¢, c,d) € X. Then

A - A 4 _ c
Mpeay —A) | . no= oyt
_ d
Y2 d Y2 - NFriz

where the first two equations are equivalent to z(a) = ae™Jo AMHe()ds [y (5)e= [T ATHe(Mdr s for a.e. a > 0.

Then for any A > u, (A p(a) — A) is a bijection from D(A) to X and A is resolvent positive. Moreover, the previous
expression of x leads, for any A > p and any V' = (o, ¢, ¢,d) € &, to

atllell e 4 _ Vi«
A+ Atpr Ad+pe T Atp

I[(Mpay — A)"'V]|x <

and then, as the operator norm is sub-multiplicative, for any n > 1, to

1
A — A" < ||(AI — AR o = sup A AV < —.
I[(Mpay = A) ey < Nl(Mbpay — A7 12 x) vg,nvule”( pay —A) T V][% Ot

2. Standard computations show that F' is locally Lipschitz continuous, where the local Lipschitz constant can be chosen
2
as Ky =73 5y |[Bill e (14 ci).

O
Proposition 2.4. 1. For any ug € Xoy, there exists a unique non-negative maximal integrated solution u to (2), i.e.
u € C([0, tmax(uo)), Xot) such that
t
/ u(s) € D(A), Vit € [0, tmax(uo))
0
and . .
u(t) = ug + A/ u(s)ds +/ F(u(s))ds, WVt € [0,tmax(uo)). (3)
0 0

2. This solution is global in time, i.e. tmax(ug) = +00 and it defines a continuous semiflow U : Ry x Xoy — Xoy,
(t,up) — u(t). Moreover, for any t > 0 and any ug € Xo+, the total mass ||u(t)||x of system (1) satisfies, for all
t>0:

cA cA
[lu(t)]] 2 < luollxe™" + 1= e™#') < tmax (IIuOllx, u) : (4)

3. The trivial bijection from Xo4 to X4, obtained by removing the first coordinate, defines a contiuous semiflow for
(1)
iRy X Xy = Xy, v = (20,41,0,¥2,0) — Bu(v) = (9F, &1, 87)(v) = (2(t,.), y1(1), (1))

For allt > 0 and v = (20, Y1,0,Y2,0) € X+, the semiflow satisfies DF(v)(a) = 7 (v)(a) + @(v)(a) with, a.e. a >0,
{ dF(v)(a) = wola—t)e” 12 (e ()42, Bi(s)éi—a+t(v))dsx[t7oo)(a)7 o)

¥ (v)(a) = Ae*foa(ux(SHZ?zl5i(8)¢ifa+s(v))dsx[oyt)(a).



4. The semiflow ® is bounded-dissipative on Xy, i.e. there exists a bounded subset that attracts each bounded subset
Of X+.

5. The semiflow ® is asymptotically smooth, i.e. for every non-empty, bounded and positively invariant set B C X,
there exists a compact set K C B such that K attracts B.

6. The semiflow ® is state-continuous, uniformly in finite time, i.e. for every (t,v) € Ry x Xy and every e > 0, there
exists 6 > 0 such that

V(s,0) € [0, 4] x X+ flo = 0l[x <6 == [[@5(v) = D5(0)[|x <e.

Proof. 1. From Lemma 2.3, A is a Hille-Yosida operator, so it generates a locally Lipschitz continuous integrated
semigroup {Sa(t)}i>0 on X ([13, Theorem 2.4] or [16, Proposition 3.4.3, p.116]). Moreover, Kellermann-Hieber
theorem ([13] or [16, Theorem 3.6.2, p.133]) states that for any 7 > 0 and any f € L'((0,7),X), the maps

t— (Sa = f) (t) are continuously differentiable on (0,7), where * denotes the convolution product:

(Sax F)(t) = / Sa(t— )f(s)ds

and for all t € [0, 7]

d L (s
Jus] = a0 < [ e stas ©)
If in particular f € C((0,7),X), then |lus(t)|| < 0a(t) sup ||f(s)|| where 64(t) = t converges to 0 as t — 0 and
s€0,t]
Assumption 5.1.2 from [16] applies. Since we proved that F' is locally Lipschitz continuous, [16, Theorem 5.2.7,

p-226] states that there exists a unique maximal integrated solution U(.)ug € C([0, tmax), Xo) (With tpmayx < +00) to
problem (2) for each initial condition ug € Xy. This solution satisfies:

U(t)uo = Ty (tJuo + - (SA * (Fo U(Juo)(t)) (7)

where {T'4,}¢>0 is the Cyo-semigroup on A generated by Ag. The existence of {Ta, }+>0 on D(Ap) comes from the
Hille-Yosida Theorem [16, Lemma 2.4.5] while Lemma 2.2.11 from [16] implies that D(A4g) = Xp.
For any v < 0, the operator A — I is resolvent positive, as a direct consequence of A beeing resolvent positive.

Moreover, for any r > 0 and any ug € Xyt such that ||ugllx < 7, F(ug) + yrup € Xy, where v, = 2r(||f1]lp~ +
182l L) Then [16, Theorem 5.3.2] states that the integrated solution is non-negative.

2. From (3), the mild solution of (2) is such that, for any ug = ((0,20), y1,0,¥2,0) € Xo+ and any ¢ € [0, tmax),

x(t, . /6x ds—/uz dS*Zyz /[31 (8)
Yi(t) = yio — Ml/ yi(s)ds + Cl/ vi(s / Bi(a)x(s,a)dads, Vie {1,2}. (9)
Set N(t) =¢ [~ «(t,a)da+ Zle yi(t), then N(0) = ¢||ao|r1 + Zle y;,0- Using the integrated expressions (8)-(9):

o =80 e [7 [ o sadads—i(m [ s+ =2 [66) [ sarets.aptaas)

i=1

where we used the following equation since fot x(s,.)ds € WHL(R | R)

t oo t
/ / 0y (s,a)dads = —/ Ads = —At
o Jo 0

N —er—c [ ¥ @t ayda =3 (uiyxt) oo [ N m(tm(a)da) .

=1

Then



By using the definition of 4 and truncating the (c¢; — ¢) negative contribution we obtain N’(t) < €A — uN(t). It
follows that

cA
u(t = z(t,a)da + i )< N(0 j“E+C—1fe*ﬁt
ut)]] ¢ / Zy Ot + 25 )

by using Gromwall’s lemma which leads to (1) since N(0) < eluollx. In particular, ¢ —> [[u(t)||x is bounded on
[Ovtmax(uo)), then tmax = +o00.

. Formula (5) are derived from the method of characteristics (or Duhamel’s formula).

. From (4), for any bounded set B C X+, 1irn ||(I>t( N < % uniformly in v € B, then the closed ball of X

centered at Ox with radlus A attracts all bounded sets of X .

. We prove the asymptotic smoothness of ® using Lemma 3.2.6 from [10] (see also [28, Theorem 2.46]). For any
t € Ry, the semiflow ®; decomposes as &, = (®%,0,0) + (dF, oI, 2).

First, equation (5) implies that the function § : Ry x Ry 3 (¢,7) — re 0t € R, is such that, for any r > 0,¢ >0
and v € X such that ||v||x < r then H(&)vf(v),(),O)HX < 4(t,r) with Sginooé(s,r) =0.

Next we prove that, for any fixed t > 0, (@” , @, ®?) is a compact operator on any bounded subset of X, that

is for any bounded set B C X, (@,@%,@f)(B) is a precompact set of X, i.e. @(B) is a precompact set of
Ll(R-‘rvR-‘r)'

It remains to prove the three assumptions of the Fréchet-Kolmogorov theorem [33, Theorem X.1, p. 275]. Let r > 0
and B C Bx_ (0,7), the ball of X centered at 0x with radius r.

i) The boundedness of @(B) is given by equation (4), which readily implies that for any v € B
— _ A
|| @7 (v)]|r < |[@¢(v)||x, < Emax r,; =: M,.

ii) For any v € B, the equitightness property dEI-&I-loo fa>d @(U) (a)da = 0 uniformly on @(B) is also readily satisfied
because ®F(v)(a) = 0 for a > t (independently of v € B).

iii) It remains to prove that for any ¢ > 0, limj,_¢ [ |®% (v)(a + h) — ®F (v)(a)|da = 0, uniformly in v € B.
From (5), for any v € B and any ¢,a > 0, @(v)(a) = AeAt’v(“)X[OVt)(a), where

Am:ap—>_/0a< +Zﬁl ta+s ))ds

If t = 0, the integral is readily zero. Let v € B, ¢ > 0 and h € (0,¢]. Since ff)?(v)(a +h)=0ifa>t—h and
®7(v)(a) =0 if a > t, then

[ @Ea+m - 50 lda
0o t—h - t
- [ #@arndor [ @@+ - F@@da+ [ 150l

The first and third terms are clearly bounded by Ah. The second term is controlled by using the mean value
inequality |e=® — e~b| < e~ ™in(@b)|q — b| < |a — b| for any a,b > 0:

|87 (v)(a + h) — ®F (v >< )| < AlAru(a+h) — Ay y(a)l
a+t+h .
S A/ < + Z/BZ (I)zlf a+s ) ds +AZ/ ﬂi |(Dt a— h+s (I)%—a+s(v)| ds.

From (4) and the boundedness of B, there exist constants Cp, Cy,Cy > 0 such that

a+h
/ ( +Zﬁ, P, (v ))dsgclh

6



and, using the integrated expression (9),

. X t—a+s ) jo%s)
B ua) = 00 = Bi0) e [ @lw) ( | s@ez)@da- m) do
t—a—h+s 0
< ||Bil| e ci My (|| Bil| oo My + pi)h < Cih.

Finally,
2

t—h -
/O |@F (v)(a + h) = ®f (v)(a)|da < (t — R)ACY | Ci)h

=0

and then

/Om |87 (v)(a + h) — ®F (v)(a)|da < A <2+ (t— h><201->) h

=0

converges to 0 as h — 0, uniformly on v € B.

Consequently, the Fréchet-Kolmogorov theorem states that @’(B) is a precompact set of L'(R,,R,), then the set
(&%, ®}, d?)(B) is precompact in X, and this achieves the proof.

6. Let ug € Xpy,t >0, e > 0 and set
A
r = ¢max (,||u0||x—|—€) , § = ege Kt
Jd

where K, is the Lipschitz constant from Lemma 2.3. Let 49 € AXps such that ||ug — Go||lx < 0. Since U(.)uo,
U(.)@p and F are continuous, then F o U(.)ug — F o U(.)@g belong to € C(Ry, X) C L*([0,], X). Moreover, since
llaollx < &+ |luollx < r, we know from (4) that for every s € [0,t], (U(s)ug,U(s)t@o) € (Xor N Bx(0,7))%. From
(7), it comes for any s € [0, 1):

- ~ d -
U(s)io — U(s)uo = Taq (s)(to — o) + = (Sa* (o U(.)to) — (F o U()uo))(s)).
Then the Hille-Yosida Theorem applied to A (notice that p(Ag) = p(A) by [16, Lemma 2.2.10]) states that
1T, (8) (0 = uo)llx < e™#[|a — uollx <6, Vs € [0,1].

Finally, equation (6) with f = F o U(.)ug — F o U(.)@g rewrites as

1U(s)tuo — Ul(s)uollx <6 +/ [E(U(&)to) = F(U(&)uo)|xd§ < 6+ Kr/ [U(&)to — U(&uollxds, Vs €[0,1]
0 0
which leads by means of Gronwall’s inequality to
|U(s)ig — U(s)uollx < de™* <e, Vsec[0,1],

which is the expected bound, where v and v are obtained from uy and 4y by removing the first coordinate.
O

Corollary 2.5. There ezists a unique compact attractor of bounded set A C X, that is A is a non-empty, compact and
invariant subset that attracts every bounded subsets of X . This attractor satisfies A C Bx, (0, %) Moreover, the set A
is locally asymptotically stable (LAS), i.e. for every neighborhood V of A, there exists a neighborhood W C V of A such
that ®,(W) C V for every ¢t > 0.

Proof. The existence of a unique compact attractor A is given by [28, Theorem 2.33] (or [10, Theorem 3.4.6]) as a
consequence of ® being asymptotically smooth and bounded-dissipative. Since ® is also state-continuous, uniformly in
finite time, [28, Theorem 2.39] states that A is locally asymptotically stable. O

For each v € X, we denote by O, = {®;(v),t > 0} the positive orbit starting from v and

wv) = () {2:(v),t > 7}

7>0

the w-limit set of v.



Lemma 2.6 (Properties of omega-limit set). For every v € X,
e w(v) is non-empty, compact and connected,
e w(v) is invariant under Py,

o w(v) attracts v, i.e. limy_, oo d(P¢(v),w(v)) = 0.

Proof. Under the hypotheses already checked to prove the asymptotic smoothness of the semiflow, [32, Proposition 3.13,
p.100] states that for every v € X, the orbit O, C X is relatively compact (O, is compact). Then [10, Lemma 3.1.1
and 3.1.2, p. 36] (or [31, Thm 4.1, p. 167]) give the conclusions of the Lemma. O

3 Main results on asymptotic dynamics

In this section, we identify the equilibria of (1) in X ;. In particular, we interpret the conditions for existence of positive
coexistence equilibria (i.e. in X; N X3) from a biological point of view. Next, we state the main results of this paper,
which give en exhaustive characterisation of the attractivity and stability of equilibria, their proofs are deferred to Section
.

5.

3.1 Existence of equilibria

Proposition 3.1 (Equilibria in the boundary 9X; U 0X5).

1. There exists a trivial equilibrium Eqy, with no competitor, defined by
Eo = (25,0,0) = (Ae™ Jo#a(9)ds 0 0).
2. When they exist, the equilibria with a single competitor are denoted by E1 = (x7,y},0) € X1 N 90Xy and Ey =

(23,0,y5) € XoNOXy. For each i,j € {1,2} with i # j, E; exists if and only if Ro,; > 1, where Ry, is the basic
reproduction number

Ro’i:ACi / Bi(a)e= I He®)dsgq = S / Bi(a)zh(a)da, Vie {1,2}. (10)
i Jo Hi Jo

I

In this case we have _
21 (a) = A~ i ne0)ds =i [ Bi(o)ds

where y; > 0 is implicitly defined by .
%/0 Bi(a)x}(a)da = 1. (11)
Proof. Let i € {1,2}, then E; satisfies
(z7)(a) = —poxi(a) — 7 (a)Bi(a)y;
which integrates as stated in the proposition. O

The search of coexistence equilibria in X3 N X3, that is equilibria for which all components are positive, is more
complicated. Indeed, a point (Z, 77, 72) € X4 with g7 > 0,72 > 0 is an equilibrium if and only if it satisfies the following
system:

Ti(yr,2) = 1, vk € {1,2} -
T(a) = Ae Jo pa(s)ds— DREERR TN I ,Bi(s)ds7 Ya >0 ( )

where, for each k € {1, 2},
Ack [~ 8 e (s)ds - Sy f2 Bu()ds
Ti(y1,y2) = — [ Brla)e™ Jo Hel)Te™ sima i do P8I dq,
Kk Jo
Clearly T1 < Ro1 and T < Rp,2 on (Ri)Q, then it follows from the first condition in (12) that there is no positive

equilibrium if Rg; <1 or Rz < 1. To investigate the possibility of equilibrium if Rp; > 1 and Rg,2 > 1, observe that
T1(0,0) = Ro,1 and T3 (y7,0) = 1 while 75(0,0) = Ro 2 and T5(0,y5) = 1. We then define

yos1 =T1(0,43) = % I3 Br(a)e Jo me()dse=vs J' Ba()dsqq = o o Bi(a)zs(a)da, (13)
Y12 = To(yf,0) = % fooo Ba(a)e™ o Ha(s)dse=yi Jg" Fr(s)dsqq — = OOO B2(a)z}(a)da.



Remark 3.2. Let (i,7) € {1,2}%, i # j, then v;—,; is defined if and only if Ro; > 1. Moreover, vi—; < Ro,;, with strict
inequality if and only if || 55|/ > 0.

Those quantities are known as invasion fitnesses or invasion reproduction numbers and can be explained as in adaptive
dynamics where we consider that populations are at equilibrium FE; (respectively Es) and we want to know if newly
introduced competitor yo (resp. y1) can invade.

Lemma 3.3. Assume that Ro1 > 1 and Ro2 > 1, then the following assumptions are equivalent:
1. e =71 =1
2. y3B2(a) = yifi(a) almost everywhere a > 0.
3. cop1Ba(a) = crpefi(a) almost everywhere a > 0.
The proof of this Lemma will be handled in Section 4.
Proposition 3.4 (Positive equilibria). Suppose that Ro1 > 1 and Ro2 > 1, then

1. If a2 > 1 and a1 > 1 there exists a unique positive equilibrium Es = (Z,71,72). Moreover Es is such that
0<7r <yi and 0 <72 < w3 and (J1,72) # (v5,5)-

2. If yiso = vos1 = 1, then o] = x5 and there is a continuum Eo of positive equilibria, given by
Ew ={F14s : 0€(0,1)} where B1,, = (1 —0)Ey +0Fy = (a3, (1 — o)y, 0u3),
i.e. Eo is the segment joining Ey to Es. There is no positive equilibrium outside of Eos.
3. Otherwise, there is no positive equilibrium.

We will later show (Proposition 5.3) that the case max{v;—;,vj—:} < 1 and the case v;; = 1, vj; <1 (4,5 €
{1,2}, i # j) never happen. Consequently, the third item actually states that there is no positive equilibrium when
vj— > 1 and v;,; < 1. This is a direct consequence of the global attractivity of E; in X; N X2, which will be stated in
Theorem 3.11.

In this section, we only prove the existence statement of the first item, as well as the second item. The uniqueness of
Es5 will be proven later (Lemma 4.3.3).

Proof of Proposition 3./. 1. Suppose that 71,2 > 1 and 2,7 > 1. First we note that the functions Ry > z —
T1(z,y2) and Ry > z — Th(yq, 2) are decreasingly going to zero as z goes to +00. Let us define the two following
assumptions:

inf(supp(f2)) > sup(supp(41)) (14)

and
inf(supp(1)) > sup(supp(f2)). (15)

We readily see that those two conditions are not compatible since it would lead to 81 = 82 = 0 and then Ro,; =
Ro,2 = 0 that is absurd.

Suppose now that (14) holds then the function Ry 3 z — Ty (y1, 2) is constant implying that T4 (y;,y2) = 1 for
every y2 > 0. Since (15) does not hold then the function Ry 2 z — T5(z,y2) is decreasingly going to zero as
z goes to +oo for every yo > 0. It follows from T5(yF,0) = 152 > 1 that y; — T2(y1,0) — 1 has exactly one
root i > yi. Consequently, the level curve {(y1,y2) € R2 : Tb(y1,y2) = 1} continuously joins (0,y3) and (41,0)
while {(y1,72) € R% : T1(y1,92) = 1} = {(¥],92),y2 > 0}. It then readily follows that there exists (¥1,yz) such
that (Z,71,72) is an equilibrium, where T is defined by (12) and 37 = yf. The monotony of T, also implies that
0 < 73 < y5 and the equilibrium is unique in this case.

The case where (15) holds but not (14) is similar and leads to a unique coexistence equilibrium (Z, 97, y3) with
0 < 71 < y§ by monotony of 77 and T is given by (12).

Finally, in the case where neither (15) nor (14) hold, we see that the functions y; — T5(y1,0) — 1 and yo —
T1(0,y2) — 1 have exactly one root §; > yi and §» > y5 respectively. Consequently, the level curve {(y1,y2) €
R2 : Ti(y1,y2) = 1} continuously joins (0,92) and (yi,0), while the level curve {(y1,y2) € R : Th(y1,y2) = 1}
continuously joins (0,y3) and (91,0). It then readily follows that there exists (yr,%z) such that (Z,77,7z2) is an
equilibrium, where 7 is defined by (12). The monotony of T} and T5 also implies that 0 < 77 < y} and 0 < 73 < y5.



2. If 959 = v2y1 = 1, then Lemma 3.3 readily implies that 77 = T3 and that for all o € (0,1), Ty (1 —0)y],0y3) = 1.
Moreover, formula (12) implies that if there exists o € (0,1) such that y; = (1 —o0)y; and yo = oyd then (z*, y7,v3)
is an equilibrium if and only if

x*(a) — Ae— foa Mm(s)dse(l—a)yi‘ foa B1(s)ds—oy; fo‘l B2 (s)ds.

Then Lemma 3.3 implies that * = ] = 3.

Since (y1,y2) — Ti1(y1,y2) is a decreasing function with respect to both y; and y2 on Ri, then T (y1,y2) < 1 (resp
> 1) on the right (resp. left) side of the segment joining (y7,0) to (0,y3), so there is no other positive equilibrium.
O

Remark 3.5. It is worth noticing that if o = cB1 for some c € RY, then equations (11) and (13) readily imply that
Vo1 = 1/v192. Consequently, in this case, either there is a continuum of equilibria (in the critical and structurally
unstable case ¢ = cyp/capa which, from Lemma 3.5, implies o1 = Y12 = 1), or there is no positive equilibrium and
one competitor goes extinct. This is consistent with the belief that niche differentiation is necessary to avoid competitive
exclusion.

Remark 3.6. Since x] is a decreasing function of a, then the definition of y12 implies that in the situation where the
environment is occupied by single population y, (considered at its equilibrium E1 ), the best competitive strategy for a newly
introduced population ys to challenge the resident population yy (i.e. the Bo shape that mazimizes y1_s2, as we will see with
Theorem 3.11 that the survival of yo depends on y1-,2) is such that Ba in concentrated near the age a = 0 (optimally, a
Dirac distribution in 0). Indeed, since the resource influz is constant, then there is no need for the competitors to preserve
the resource sustainability (as it would have been in the case of a linear birth rate). Consequently the best strategy is to
be the first competitor to collect enough resource.

3.2 Attractivity, stability and basins of attraction

We investigate the stability and attractiveness of every equilibrium, depending on the values of the basic reproduction
numbers and invasion fitnesses Ry, and ~;—; (¢, € {1,2}). For the sake of clarity, we gathered hereunder the main
results on equilibria attractivity and stability, which are proved in Section 5

Proposition 3.7 (Positive invariance of sets). For i € {1,2}, the sets X; and 0X; are positively invariant, that is, for
allt >0 4(X;) C X; and ®,(0X;) C 0X;.

Proof. For any i € {1,2}, any initial condition v = (x0, y1,0,¥2,0) € X1 and any ¢t > 0, yj(t) > —py;(t), then y;(t) >
yi0e ' > 0. The positive invariance of X; is straightforward. ]

A consequence of Proposition 3.7 is that if there exists ¢ € {1,2} such that v € 9X; then the model (1) reduces to a
single predator model.

Theorem 3.8 (Asymptotic stability of Ey). Suppose that one of the following assumptions holds:

1. Roit<land S=X
Ly Road = and =%

2. R(),l S 1 and S = 8X2
3. ,R,O’g S 1land S = 8X1
4. 8= N 0X;

ie{1,2}
then {Ey} is globally asymptotically stable in S.

Remark 3.9. More precisely, one can note that the equilibrium Ey is globally exponentially stable in ﬂi€{1,2} 0X;. Indeed,

consider the initial condition v = (29,0,0) € [ 0X;. Then (5) rewrites as
i€{1,2}

x(t,a) = {%(a —t)e Jiere s g >

z§(a) if t > a.
MOT'GO’U@’/’ fO’f’O <t< a, then 370( ) Ae™ fga po(s)ds fo s)ds fa o (s)ds — xa(a_t) fa t Ha S‘)d‘; We deduce
that |z(t,.) — 3l = [ [(zola —t) fxo(aft))|e Ja- t“T(S)dea< o — || Lre ot —s 0.
t——+oo
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Theorem 3.10 (Asymptotic stability with only one non-trivial equilibrium). Let (i,5) € {1,2}?,7 # i, and assume that
Ro,i > 1. Then:

1. E; is globally asymptotically stable in S = X; N 0X;.
2. If moreover Ro ; <1 then E; is globally asymptotically stable in S = X;.

Theorem 3.11 (Asymptotic stability with two non-trivial equilibria : non-critical case). Let i,j € {1,2}, i # j and
suppose minge gy 21 {Rox} > 1.

1. Suppose that vj; > 1 and v;—; < 1 then E; is globally asymptotically stable in S = Nieq1,2) Xk-
2. Suppose that mingery 2y{7j—i} > 1, then E3 is globally asymptotically stable in S = Nieq1 2y Xk

Theorem 3.12 (Asymptotic stability with two non-trivial equilibria : critical case). Suppose mingecq1 23{Roxr} > 1 and
Y12 = Y21 = 1. Then the continuum set of equilibria Eo, (defined in Proposition 3.4) is globally asymptotically stable
in S = Npe1,2)Xk. Moreover, for any v = (zo,91,0,¥2,0) € X1 N Xa, ®1(v) converges to Eyy, := (1 —0)Ey + 0Ey where
o is the only solution in (0,1) of
R e G AL
Y2,0

One can note that the statements in Theorems 3.8, 3.10, 3.11 and 3.12 could actually be rewritten in a stronger sense
since in the proofs we show that the mentionned attractor E (E = E; with ¢ = 0,1, 2,3 or oo depending on the statement)
actually attracts every compact subset K of S, which is equivalent ([28, Lemma 2.6]) to the fact that d(®¢(x),{E}) — 0
as t — +oo uniformly for z € K.

We can also note that if each competitor is able to survive in the absence of the other (Rg; > 1 for ¢ € {1,2}), then
at least one competitor always survive, i.e. the competition cannot drive both population to extinction.

Those results are summarized in Tables 1 and 2.

0X1NoXy | 0X1NXy | X1NOXy X1NXy
maX{R0717R0,2} S 1 EO EO Eo E()
Ro1>12>Rop Ey Eqy E, E
Ro1 <1< Rop Ey Ey Ey 1)
min{Ro 1, Ro2} > 1 Ey Ey Ey see table 2

Table 1: Convergence of the solution of (1) depending on the basic reproduction numbers and the subset of initial
conditions in X . Results come from Theorems 3.8 and 3.10.

Y2 <1 | 752=1 | mm2>1
Y21 <1 Es
’}/2_>1 = 1 E1+,7 S Eoo E2
Y21 > 1 E,q By FEs

Table 2: Convergence of the solution of (1) from any initial condition in X; N X3 in the case min{Ry1,Ro2} > 1.
Attractor results come from Theorems 3.11 and 3.12, while Proposition 5.3 states that three grayed-out configurations
are never met.

3.3 Examples and numerical simulations

Example 3.13. We assume that p; = po = p, ¢ =co =c,
Pr(a) = 1[@(@)5((1), Ba(a) = Pi(a+a), ae a>0
where 0 < 8 < B, a € (—o0, B) and Be LY (Ry). Then we can compute with (10) the quantities

E ~ a E ~ a—a
Ro1 = E/ B(a)e~ J§ na()dsqq Roa(a) = E/ B(a)e™ Jo ™% na(s)ds g,
K Jp K Js
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It follows that the function o — Ro 2(cv) is increasing, with Ro 2(0) = Ro,1. From (11) we see that
& / ﬁl (a)e_ Jo' #m(s)dse—yf I 51(S)dsda _ / 52 foa ,um(s)dse—y; (o) [o ﬁQ(s)dsda
0

which is equivalent to

E,\, * [a 73 B ~ a—a * a7
[ Bage i meorase RO g [ ager f5 7 eris A g,
B B

Since the function o —s e~ Jo~ " H=()ds s increasing for every a > 0 then the function o — ys () is necessarily
increasing, with y3(0) = yi. Finally (13) allows us to compute

AC/ ﬂ o= Jo nals)ds ,~va (@) [5 E(s)dsda

72—>1

hence the function o — va_,1() is decreasing and

Y-2(a Ac/ B(a o“_"um(S)dse*yi‘(a)fg""{“*a’g}E(s)ds

so the function o — y1_2() is increasing, with y12(0) = v21(0) = 1.

This example proves that if 81 and Bo differ only by a translation, then only the first competitor to reach the resource
can survive. Precisely, we see that if Ro1 > 1 then when o = 0 we are in the case of Theorem 3.12, that is the continuum
set of equilibria Eo exists and is GAS in X1 N Xy, When a > 0, then y1-2(a) > 1 > vay1(«) leading to the first case of
Theorem 3.11 that is Eo is GAS in X1 N Xo. On the contrary, if a < 0 then y1-92(a) < 1 < ya1() that is Eqy is GAS
in X1 N Xa. Also, there exists o < 0 such that for every o < a then Ro2(a) <1 and E2 ceases to ewist.

Example 3.14. This example illustrates (numerically) a case where the globally asymptotically stable (attractive in
X1 N Xy) steady state bifurcate from Ey to Es and then to Es. As in the previous example, we assume that the two
competitors differ only in their respective function B;, i = 1,2, defined as

51@) = 51an(@), P = g5 (Toa@ 2 +1an(@) (=2 ) ). ae az0 (16)

where o € [0,30]. That is, B1 and Ba both have unit L' —norm, with By being a gate function while (o is a triangle shaped
function with mode «.

As illustrated on Figures 2 and 3, as the mode « of B2 wvaries, system (1) successively undergoes two transcritical
bifurcations where FEo and Ey respectively merge and exchange their stability with E3 at o ~ 9.6 and 11.8 respectively,
while F3 leaves the positive cone before and after those bifurcations.

4 Lyapunov functionals

In this section, we introduce candidate Lyapunov functionals, that will be used in the next Section. Those functionals
are not defined on the whole X, space, yet we prove that they are well-defined on all complete orbits (hence all invariant
subsets) included in suitable sets and that they are valid Lyapunov functionals.

4.1 Definitions

We first define the key function g : RY — Ry by g(z) = z — In(z) — 1, known as the Volterra Lyapunov function. Note
that g(z) =0 if z =1 and ¢(z) > 0 otherwise. Then we formally introduce the following functionals

> z(a
Lo(wyyhyz):/ xé(a)g( *< ))da+yl+y2’
0

z$(a) c1 Co

Lieno) = [ atlas (2 Yaas g (L) 4 2 vige 1oy i (1)

i ? % J

In the case min(Ro,1,Ro2) > 1 and min(vys—1,7152) > 1, we know from Proposition 3.4 (first item) that there exists
a positive equilibrium E3 = (T,771,72). We define the associated functional

i~ [ (3o S50 (3).

=1 °
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10 A

2.5 5.0 7.5 10.0 12,5 15.0 17.5 20.0

Figure 2: Bifurcation diagram for Example 3.14. Only the y; (red) and ys (blue) coordinates are depicted. wide and thin
lines correspond to stable and unstable equilibrium coordinates. The upper vertical dotted lines separate three intervals
for o in which the global attractor in Xy NXs is E2, E3 or Ey. Parameters are (arbitrarily) set as follow : ¢y = co = A =1,
p1 = pe2 = 0.1 and p, =0.1.

The domain of definition Dy, Dr,, D1, and Dy, of those functionals will be investigated in Lemma 4.3. We remind the
following definition

Definition 4.1 (Lyapunov functional). Let S be a forward invariant subset of X . A function L : S — R is called a
Lyapunov functional on S if:

e L is continuous on S;
e the function Ry >t — L(®:(v)) is non-increasing for every v € S.
If moreover E={v e S : Ry 2t L(P:(v)) is constant } # 0, we say that L is strict for E.

Definition 4.2 (Complete orbit). A set v C Xy is called a complete orbit for system (1) if there exists ¥ : R — X
such that v = {¥(s), s € R} and V(t,s) € Ry x R, (¥ (s)) = U(t + s). If n € 7, we say that v is a complete orbit
through 1 and, without loss of generality, we can consider that ¥(0) = 7.

Moreover, if {¥(s), s € R} is a complete orbit through 7, we define the set
aln) = () TOCD, 1= 7).
7>0
4.2 Well-posedness of Lyapunov functionals

For Lo, L1, Lo and L3 to be well defined and to be Lyapunov functionals, the components (x, y1, y2) must satisfy positive
and regularity properties. The following lemma states that those properties are typically satisfied on complete orbits,
since it imposes that the characteristic solution originates from the positive boundary condition. It will be used in Section
5 to prove the well-posedness of each functional L; for i € [0, 3] on omega-limit sets (Propositions 5.2 and 5.3) and to
characterize the basins of attraction of all equilibria.

Lemma 4.3 (Well-posedness of Lyapunov functionals on bounded complete orbits).

1. Denote O, the set of all bounded and complete orbits included in X, then Oy C Dy, in particular Ey € Dy, .
Moreover, suppose that one of the following assumptions hold :

(a) max(Ro,1,Ro2) <1, §= Xy,

13
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Figure 3: Top left) graphs of the functions 81 and 5 as defined in (16) for « = 6, 10.7 and 14, corresponding to three
areas of the bifurcation diagram in Figure 2. Top right, bottom left and right) Numerical simulations for & = 6, a = 10.7
and a = 14 of the relative proportions of y;, y2 and foam‘“ z(t,a)da, with amax = 20, o = e~ 99% and yg = 29 = 3.

(b) ROJ S 1 and S = (9X2,
(C) R072 S 1 and S = 8X1,
(d) §=0X,N0X,

then Lo is a Lyapunov functional on O NS, strict for {Ey}.

2. Let i,j € {1,2} with i # j. Denote O, the set of all bounded and complete orbits included in X;. If Ro; > 1, then
O, C Dyr,,. In particular, E; € Dy,,. Moreover, suppose that one of the following assumptions holds :

(a) vimsj <1 and S = X;,

(b) S=X,N0X;,

(c) Roj>1,visj=1,7v5;#1and S =X,
(d) Roj >1, visj =7j»i =1 and S = X;,

then L; is a Lyapunov functional on O;NS and L; is strict for {E;} if (a), (b) or (¢) is true and strict for Eo, U{E;}
if (d) is true.

3. If min(Ro1,Roz2) > 1, 251 > 1 and y12 > 1, then E3 (as defined in Proposition 3.4) is the only equilibrium in
X1 N Xy and Lg is a well-defined Lyapunov functional on O1 N Oz C Dy, strict for {Es}.

Remark that, from (13), the assumption v;,; < 1 in Lemma 4.3 is always satisfied if Rg ; < 1. To prove Lemma 4.3
we need to introduce the following Lemma.

Lemma 4.4 (Differentiability of the semi-flow along the complete orbits). If there exists a complete orbit throughv € X,
then t — ®4(v) € CH(Ry, X), i.e. is continuously differentiable in X.

Proof of Lemma 4.4. Set v = (x,y1,y2) € Xy and v = ((0,2),y1,¥y2) € Xo+. [16, Theorem 5.6.6, p. 242] states that if
0 € D(A) and A0 + F(0) € Xy, then ¢t — ®(v) is continuously differentiable in L'(R;,R;) x R3. This theorem also

14



requires F' to be continuously differentiable, which is readily verified as each term in the expression of F' is a bilinear
form.

Here, we prove that if there exists a complete orbit ¥ = (% Wl ¥?) through v, then necessarily © € D(A) and
Ab + F(0) € Xy. Indeed, let ¥ be a complete orbit through v, such that ¥(0) = v, then for a > 0 the method of
characteristics implies that

z(a) = U7(0)(a) = Ae G| with G(a) := /0 ’ pa(s) + Y Bi(s)¥'(s — a)ds.

Consequently, z(a) < Ae=%0 so z € L*(Ry,Ry). Moreover, since F is positive and absolutely continuous and since
t — e~ is Lipschitz continuous on Ry, 2 is also absolutely continuous, then differentiable almost everywhere. Finally,
x is clearly decreasing, then

“+oo +oo
/0 1o/ (a)]da = —/0 Z(a)da = lim 2(0) — (@) = A < +oo.

a—r+o00

We just proved that € WHH(R,), then © € D(A). Finally, 2(0) = A is readily verified, so A0 + F(9) € Xp. O
Now we can prove Lemma 4.3.

Proof of Lemma /.5.

1. First we show that Lg is well defined on O;..
Let v € X, such that there exists a bounded and complete orbit ¥ = (¥ ! ¥2) which satisfies ¥(0) =
For any a > 0, if t > a, then ¥*(t)(a) = ®¥(¥(0)) = ®¥(v). If t < a, then for any b > a — ¢, U7 (¢t)(a) =

OF, (¥(=b))(a). In both cases, formula (5) and the boundedness of ¥ implies

0< Ae—Jo ﬂm(s)dse_a‘lﬁiHLooH\PiHLx(LK) < W(t)(a) = Ae” S e (8)+307 1 Bi(s) ¥ (t—a+s)ds < Ao

so that for any ¢t € R, a — x{(a)g(¥*(t)(a)/z§) is well defined on Ry . From Assumption 2.1, simple comparisons
prove that the integral of the latter function, that appears in the definition of Ly, is well defined.

Next we prove the Lyapunov decreasing property. Let ¢ > 0 and set (z(t,-),y1(¢), y2(t)) = ®;(v). From Lemma 4.4,
we can compute the following derivative

0 (g, (0)) = /Ooo (1_ xsm))@x(t’a)dwim

z(t,a

_ o0 _ iEEk) a) o(t.a a yl(t) (aNz(t a "
- /0 (1 x(t’a)> <8a (t,a) + (pa( )+Z: —Bi(a)a(t, ))d

T

We use the fact that

@ (D) - (12 29 (0000 - LOBD) (12 DY (5,000,0) + pofalettsa)

da \ xi(a)

whence

%(@t(v)):—/ooox(’;(a)jg (?f{jﬁ)@-/j( )~ xh(a Zyz )Bia

+Zy@ ([ s@attaa-2)

T

- [ s (22 o+ S ([ ot ).
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We finally end up with

Ly
dt

oo 2
@lo) == [ @il (25 ) dat 30 Eslo)Ros - 1) (18)

and we can actually show that

ddLO (®¢(v)) < — /Ooo pa(a)zg(a)g (i(f(’;))) da < 0.

0

Indeed, it is clear if ng;lng}{Ro i < 1, which proves case (a). Finally (b), (¢) and (d) are direct consequences of the
i€

positive invariance of 0X; for i € {1,2} (Proposition 3.7) so that for any ¢ € {1,2} and initial condition in 0X;,
yi(t) =0 for all ¢ > 0.

Finally, suppose that t — Lo(®:(v)) is constant on Ry. Then from equation (18), Vt > 0, z(¢t,.) = x§. If moreover
Ry, < 1 for some i € {1,2}, then y; = 0. Otherwise, if Ry; = 1, then injecting the relation V¢t € R, z(¢,.) = z§ in
the first equation of (1) leads for every ¢t € Ry and a.e. @ > 0 to f1(a)yi(t) + B2(a)y2(t) = 0.

Since f; = 0 would be a contradiction with Ry ; = 1, we can conclude that y; = 0.

Consequently, t — Lo(®¢(v)) is constant on Ry if and only if v = FEj.

. Let v € X7 such that there is a bounded and complete orbit {U(¢),¢ € R} through v (such a v exists, since the
constant orbit {E1} is one). We prove just as above that if Ro 1 > 1, then for any ¢t € R, a — z(a)g(V*(t)(a)/x7)

is well defined on R, and is in L*(Ry,Ry). The term g(¥'(t)/y?) is also well defined since X is invariant. So, for
all t € R, L1(¥(t)) is well defined.

Denote (x(¢,-),y1(t), y2(t)) = P+(v) and let ¢t > 0, then from Lemma 4.4 we can compute the following derivative:

dL, o 21 (a) . R YACOIEA)
—(@u(v) = 7/0 <1x(t7a))(3a:17(t,a)+x(t,a) (um(aﬂ;yz(twl(a)) da+<1 yl(t>> o T o

[ et (S Yo [ (1jftf‘;)))wl(a)(yl(t)yr>+y2<t>ﬁz<a>>x(t,a>da
)

+(3/1(c1 0061 tada—ul)—i- (//32 tada—m)
0
x(t,a)

—-_ /ODO (2 (a) + yiBi(a)) x7(a)g ( z1(a) ) da + (y(t (/ Arla)ei(a)da - Ml)
) ([ ali(apaa - 22)

=~ [ et + i@

where we used the equalities

and

& / fr@ai(@da= . e [ Pala)r(@)da = prvise.
0

0

We first consider the case 71,2 < 1. Remember that g(z/x}) = 0 if and only if z = z7, so

dLy
@) <o,

with equality if and only if x(¢,-) = 27 and y2(t) = 0, in particular M(<I>t(E1)) =0.

Note that if z(t,) = 7, y2(t) = 0 and y1(t) # y7, then O,z (t,a) # 0 so there is no v € X \{E1} such that for all

t>0, dstl (®4(v)) = 0. We then deduce (a) and (b).



Now we consider the case Rg2 > 1,712 = 1 and 2,1 # 1. In this case, L; is constant on the positive orbit
{®:(v),t > 0} if and only if x(¢,-) = x7. Then the two first equations in (1), along with (11), lead, for all ¢ > 0 and
a.e. a >0, to

y2(t)Ba(a) = (y7 —y1(t))Br(a) and  yy(t) =0.

In particular, y; is constant. Note that 82 #Z 0, otherwise it would be a contradiction with 7 _,o = 1, then y» is also
constant. Consequently, either for all ¢ > 0, y1(¢) = y7 and y2(t) = 0, then {®;(v),t > 0} = {E;} is the only orbit
on which L; is constant and the proof is complete, or for all ¢ > 0, y;(¢) # y;. The latter case implies that for all
t>0anda >0,
y2(t)
Bi(a) = §B2(a) where § = ——"——
(a) (a) pr—r
Moreover § # 0, otherwise we would have 8; = 0, which is not compatible with Rg ;1 > 1.
Since 7152 = 1 and 1 = §f33, the definition of 71,2 in (13) and equation (11) lead to § = £122

pzcr”
Injecting the relation 81 = p1f2/ue into the definition of v5,1 ultimately gives 75,1 = 1, which is absurd. Then
b, (v) = Ej.
Finally, consider the case (d) with R ; > 1 and v;—; = vj—: = 1. Just as above, Ly is constant on the positive
orbit {®;(v),t > 0} if and only if z(¢,-) = 2. Remember that 2 = 25 when 1,5 = ¥2,1 = 1 (by Proposition
3.4). Then injecting (11) in (1) implies that for all ¢t € R, () = y4(¢t) = 0. Consequently v is a constant orbit in
X1, i.e. a positive equilibrium, then belongs to Fo, U {E1}.

is constant.

This achieves the proof, and the same applies for the Lo case.

. The existence of an equilibrium E3 = (Z,71,72) € Nief1,2) Xk has been established in Section 3.1. The well-
posedness of Ls on O N O is obtained exactly as above for the one of L; and Ly. Let v € X7 N X5 such that
there exists a bounded and complete orbite through v (such a v exists as the constant orbit {Ej3} is one). Denote
(z(t,-),y1(t),y2(t)) = P¢(v) and let ¢ > 0, then from Lemma 4.4, we can compute the following derivative.

If v = Ej3, then t — L3(®4(V)) is readily constant, it remains to prove that the reciprocal is true.

Indeed, differentiating as in the proof of the second item leads to

dL B ° o\ x(t,a)
L= [ (w@+ X o) o (D)o <o

ke{1,2}

Assume t — L3(P:(v)) is constant on Ry. Then the previous derivaritives implies that for any ¢ > 0, &7 (v) = Z.
Moreover, the definition of Z (equation (12)) implies that, for any k € {1, 2},

Ck/ Br(a)T(a)da = py.

Consequently, system (1), implies that y; and y, are constant and that, for any a > 0,

> u®Br(@) = D Teb(a)

ke{1,2} ke{1,2}

Suppose that y; # 7. Then for any a > 0,

B1(a) = 6Ba(a) with 6 = — 2~ 92
1 —

Note that vs_1 > 1 implies that § # 0. Indeed, otherwise we would have $; = 0 and then v,_,; = 0.
Injecting this relation in the definition (13) of v2_,; leads to

016 c
Y21 = / B2(a)rs(a)da = Az
CQM
1
where the last equality results from the definition (11) of y3. Similarly 4o = %5 = 1/72—1. Consequently
C1ii2

Y1—2v2—1 = 1, which is absurd and then ¢ — L3(®;(v)) is constant if and only if v = Ej.

Consequently, the only positive orbit on which ¢t — L3(®;) is constant is { E3}, that is, Ls is a Lyapunov functional
on w(v), strict for Fs.

Since a positive equilibrium is, in particular, a positive orbit, the former proof also implies that E3 is the only
equilibrium in X7 N Xs.
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5 Global analysis and proof of the main results

In this section we handle the attractivity of the equilibria and compute their basin of attraction. To prove the stability,
we will actually prove that {E;} not only attracts the points, but also the compact sets in their basin. We proved in
Lemma 2.6 that for any v € X, ®;(v) converges to w(v). In this section, we prove that, under suitable conditions, each
compact set K is attracted by an invariant and compact set w(K'), on which the Lyapunov functionals L; (for ¢ € [0, 3])
are well-defined, and which contains their critical point F;. In particular, this requires to prove the uniform persistence of
the flow to guarantee that y; does not vanish on w(K), so that w(K) belongs to the suitable subset identified in Lemma
4.3.

It may be tempting to conclude that w(K) = {E;} once one has shown that w(w) = {E;} for every w € w(K), however
this is not true in general. In other words, the convergence to w(K) and then to w(w) is not transitive as we only get
w(w) C w(K), even if w(K) is compact and invariant (see [29, Example p.224] for a simple counter-example). Instead,
if we can define a Lyapunov functional on w(K), strict for {E;}, then w(K) reduces to {E;}. This is a special case of
Theorem 2.52 from [28], which generalises the LaSalle invariance principle and implies that a strict Lyapunov functional
cannot be defined on an invariant compact set larger than the singleton reduced to its critical point.

5.1 Proof of Lemma 3.3

Proof of (3) = (1). This is a straightforward consequence of the definition of y; and y3.

Proof of (1) = (2). Let v = (z0,¥1,0,¥2,0) € X1 N Xy where for all a > 0, zo(a) = Ae~® Then straightforward
calculations prove that L; and Lo are well-defined in v and on the positive orbit starting from {v}. Since ¢ is,
in particular, in W11 (R, ) then [16, Theorem 5.6.6, p. 242] applies and we can differentiate t — L1(®;(v)) as is
the proof of Lemma 4.3. It follows from (19) that t — L;(®.(v)) is decreasing, then converges, so its derivative
converges to 0, that is ®7(v) converges to x3 in L'(R;,R,). The same arguments applied to Ly show that &7 (v)
converges to z3 in L*(Ry,Ry). Consequently 2% = % in L*(Ry), that is, for a.e. a > 0:

Ao S ma(8)ds =y [ Br()ds _ g p= Ji& a(8)ds =3 [ Ba(s)ds
then
a a
yf/ B1(s)ds = yg/ Ba2(s)ds
0 0
and finally y; 681 (a) = y352(a) a.e. a > 0.

Proof of (2) = (3). Equation (11) with ¢ = 1 states that
e > a * a
C1 / ﬂl (a)x’l‘(a)da = CIA/ ﬁl(a)e_ fo uz(s)dse—yl f() ﬁl(s)dsda = p1.
0 0

With the second item of Lemma 3.3, it rewrites as

A * o0 o « ra A * o0
Lot / By(a)e™ o pa($)dsg=v3 Ji' Ba(s)dsqq — 1Y / B2(a)zs(a)da =
Y1 0 Y1 0

Using equation (11), now with ¢ = 2, we obtain

C1Ys 2 = Copy;.

Since y3f2(a) = yi 51 (a) almost everywhere a > 0, multiplying each side by 5 leads to the third item of Lemma
3.3. O

5.2 Proof of Theorem 3.8 : Attractivity of Fj

We introduce the local notations L, = Ly and E, = FEjy, so that the same proof can be reused later for different settings.
The proof proceed in two steps. First we prove that every compact set K € S is attracted by a compact subset of
w(K) C S. The second step basically follows the proof of [28, Theorem 2.52] to prove that w(K) reduces to E,
Let K C S be a compact set. From Proposition 2.4 ® is asymptotically smooth on X;. From equation (4), ¢t —
|®:(K)| x is bounded on Ry (in the vocabulary of [28], ® is eventually bounded on K). Then [28, Proposition 2.27]
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states that w(K) := N>o{P®s(K),s > t} is a compact invariant set that attracts K. Moreover, since S is invariant and
closed, then w(K) C S.

Next, we prove that w(K) = {E,}. Since w(K) is invariant and compact, there exists a bounded and complete orbit
through any element of it. Then we know from Lemma 4.3 that L, is a well defined Lyapunov functional on w(K). Let
v € w(K) and v(v) = {¥(t),t € R} C w(K) be a complete and bounded orbit through v. The compactness of w(K)
implies that w(v) C w(K) and a(v) C w(K). It follows from [28, Proposition 2.51] that L., is constant on the invariant
sets a(v) and w(v), in particular ¢ — L, o ®4(u) is constant for any v € a(v) Uw(v). Then Lemma 4.3 implies that
necessarily u € {E.}, so that w(v) = a(v) = {E.}, in particular {E,} C w(K). Consequently lim;, ., L.(¥(t)) =
limy 400 L (¥(t)) = L.(E,). This implies that v = E.,, indeed t — L. o ®;(u) is decreasing for any u € w(K)\{E.}
(Lemma 4.3). Then w(K) = {E.}. We proved that {E,} = w(K) attracts K, then {E,} attracts every compact set of S.

We just proved that {E,} is a compact attractor of compact sets (in particular, an attractor of points) in S. Since ®
is also state-continuous, uniformly in finite time (Proposition 2.4), [28, Theorem 2.39] states that {E,} is stable. O

5.3 Proof of Theorem 3.10 : case with only one non-trivial equilibrium

We characterise the attractivity of E; and Ej in the case where only one of them exists (i.e. Rg1 > 1 > Rg2 or
Ro,2 > 1> Rg,1), or when we restrict the dynamics to a one-predator model (i.e. to the boundary 0X; or 0Xs).

Definition 5.1 (persistence [28]). Let p : X4 — Ry. The semiflow ® is uniformly weakly p—persistent if there exists
€ > 0 such that
u€ X4, p(u) > 0= limsup p(P¢(u)) > ¢.

t—+oo

If we can replace limsup with liminf in the former, then ® is said to be uniformly p—persistent.

We want to show that under suitable conditions, for any v € X; with ¢ € {1, 2} then w(v) C X;, so that Lemma 4.3
implies that the appropriate Lyapunov functional is well defined on w(v). To do so, we make use of [28, Theorem 8.20,
p-189] (see also [11]) to conclude on the uniform persistence of the flow based only on its behaviour on the boundary set
p~1({0}) (here 8X; and dX,) and near the attractor included in this set.

Proposition 5.2 (Well-posedness of Lyapunov functional on omega-limit sets : case with only one non trivial equilibrium).
Let (i,7) € {1,2}2,5 # i and suppose that Ro; > 1. Define p; : X4 — Ry, (z,y1,y2) — yi. Then the restriction of the
semiflow ® to the invariant set 0X; is uniformly p;-persistent. If moreover Ro; < 1 then ® is uniformly p;-persistent.

Proof. We only provide a proof for the uniform persistence on X when Rg; > 1 and Ry ; < 1. The other case is similar.

From Theorem 3.8, {Ey} is globally attractive in 0X; (since Rg ; < 1) and consequently |J w(u) = {Ep}. Below, we
u€edX;
prove the four required assumptions to apply [28, Theorem 8.20], which states that ® is uniformly weakly p;-persistent.

1) {Ep} is trivially compact and invariant.

2) E, is isolated in 0X;, i.e. the maximal compact invariant set of a neighborhood of itself in dX;. Actually we already
proved in the proof of Theorem 3.8 the stronger property that {Eg} is the only compact invariant set in 0Xj;.

3) {Ep} is acyclic in 0X;, i.e. apart from the constant orbit { Ep}, there is no complete orbit v C 0X; connecting {Eg}
to itself (a homoclinic loop). Indeed, consider u € 0X;, u # Ey and «(u) a homoclinic loop through u in 0X;. Then
the proof from the previous point applies and v(u) = {Ep}.

4) {Ey} is uniformly weakly repelling in X;, i.e. 3 ¢ > 0 such that limsup||Ey — ®;(u)||x > ¢ for any u € X;.
t—+oo
Indeed, let u € X; and denote ®;(u) = (x(t),y1(t), y2(t)), then for any ¢t > 0:

(1) =yi(t) ( | et - si@da e [ s ui)
(0 ( | siatt.a) = aif@)da + (o - 1>) .

2¢31BillLoo
implying that V¢ > T, yi(t) > y:(t) (4i(Ro; — 1) — ¢il|Bil|l<e€), with p;(Ro1 — 1) — ¢i||Bi]| e > 0. We would get
limy_, 4 o0 ¥i(t) = 400, which contradicts limsup,_, , . [[Eo — ®¢(u)||x < e.

Set ¢ = LiRoi=D ,nq assume that limsup||Ey — ®¢(u)|[x < e. Then 3T > 0, V¢ > T, |z(t,:) — x| < €
t—+oo

Then & is uniformly weakly p;-persistent and the existence of a global attractor (by corollary 2.5) implies that it is
actually uniformly p;-persistent ([28, Theorem 5.2 and hypothesis HO p.125]). O
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Proposition 5.2 allows to conclude on the attractivity of positive equilibrium in the special case where there exists
only one non-trivial equilibrium, or when we restrict the dynamics to a one-predator model, as stated in Theorem 3.10
proved below.

Proof of Theorem 3.10. The proof proceeds exactly as for Theorem 3.8, with L, = L; and E, = FE;, except that here S
is not closed. In this case, the inclusion w(K) C S is obtained because S is invariant and @ is uniformly p;-persistent
(Proposition 5.2), so that for any compact K C S, w(K) C {(z,y1,y2) € S : y; > e} C S, where ¢ is the one from the
definition 5.1 of the uniform persistence.

Note that for the second item, one requires the additional hypothesis v;,; < 1 to guarantee that L, is a Lyapunov
functional, strict for {E;}, on the compact invariant set w(K) C S = X; (Lemma 4.3.2.a). This is readily satisfied since
Ro,; > 1 implies that ||3;||L1 > 0, then v;—; < Ro,; <1 (Remark 3.2). O

5.4 Proofs of Theorems 3.11 and 3.12 : case with two non-trivial equilibria
In this case, at least two non-trivial equilibria exist and the following proposition takes the role of Proposition 5.2

Proposition 5.3 (Well-posedness of Lyapunov functional on omega-limit sets : case with multiple non trivial equilibria).

Let (i,7) € {1,2}2, i # j and suppose zer?iré}{ROZ} > 1. Define p; : Xy — Ry, (,y1,%2) — ¥i, p12 : Xy —
Ry, (z,y1,y2) — min(y1,y2) and p142: X+ — Ry, (2,y1,y2) —> y1 + y2. Then :

1. vjsi 21 or vy > 1.

2. If vjs =1, then vi; > 1.

3. If vj—i > 1 then the semiflow ® is uniformly p;-persistent.

4. If vj5i > 1 and ;5 > 1 then the semiflow @ is uniformly pi 2-persistent.

5. If yi9 = v251 = 1, then the semiflow ® is uniformly pyyo-persistent.
Proof.

1. Suppose that v;; < 1 and ~v;—,; < 1, then, exactly as for the case v;,; > 1 and 7,—,; > 1 (see Proposition 3.4.1),
there would exist at least one equilibrium E3 € Ngegq,2) Xk Moreover, since {E3} is a complete orbit included
in Nipeq1,2) Xk C X, Lemma 4.3 states that L; is well defined on {E3}. Since E3 is an equilibrium, the function
t — L;(®,(E3)) is constant. On the other hand, since v;_,; < 1, L; is a Lyapunov functional on the complete (and
constant) orbit through FEs, strict for E;, and then ¢t — L;(®;(E3)) is decreasing. This is absurd, then it is not
possible that v;,; <1 and v, < 1.

2. Suppose that v;; = 1 and ;5 < 1. Set v = (20,¥1,0,¥2,0) € Nref1,2)Xx where for all a > 0, zo(a) = Ae™®.
Then, exactly as in the proof of Lemma 3.3, we conclude that ®f(v) converges to z} = z} on L'(Ry,Ry), that
t — L;j(®(v)) and t — L;(P¢(v)) are decreasing and that their derivatives converge to zero. In particular, the
latter implies that 7 (v) converges to zero (equation (19)). In turn, this would imply that lim,_, 4 o L;(®:(v)) = 400,
by definition of L; in (17), which is absurd since ¢t — L;(®(v)) is decreasing.

3. Let v € X;. We use again [28, Theorem 8.20] to prove that w(v) C X;.

From Theorem 3.10, we have |J w(u) = {Eo, E;} and we prove the following statements
u€edX,

1) {Ev} and {E;} are trivially two disjoint, compact and invariant sets.
2) {Eo, E;} is acyclic in 0X;, i.e. :

e Apart from the constant orbit {Fy}, there is no complete orbit v C 9X; connecting {Eg} to itself (a
homoclinic loop). Indeed, otherwise we would have v C Niecf1,210X}, since {F;} is globally attractive in
0X;N X, (Theorem 3.10). Moreover, Nie(1,2)0X}, is invariant and equation (5) induces that the singleton
orbit {Eg} is the only complete orbit in Nyegq,230X%.

o Let v = {¥(t),t € R} C 9X; be a homoclinic loop connecting E; to itself. We prove that necessarily
v ={E;}. Weknow that E; € X; and 0X;NX; is invariant. Since {Ep} is globally attractive in 9X;N0X;
(Theorem 3.8) then v C 9X;NX,. Moreover, by definition of «y, lim;_, o L;(¥(t)) = lim;_, 4o L;(¥(¢)) =
L;(E;). Since L; is a Lyapunov functional on v strict for {E;} (Lemma 4.3.2.b), then v = {E;}, otherwise
L; would have been decreasing along ~.
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e There is no cycle formed by two complete orbits in 9X; connecting {Ey} to {E;} and {E;} to {Ep}.
Indeed, since E; € X; and is attractive on 0X; N X, (Theorem 3.10), there is no complete orbit connecting
Ej to EO in 8XZ

3) {Ey} is isolated in 0X;. Let V be a neighborhood of Ey in 0X; such that E; ¢ V and let K C V be a compact
invariant set. Since Ej; is globally attractive in 0X;NX; (Theorem 3.10.1) and E; ¢ K, then K C Nyeq1,2)0Xx.
Since K is compact and invariant, through any v € K there is a bounded and complete orbit y(u) C K. Since
the constant orbit {Ey} is the only complete orbit included in Nyeq,210 Xy, it follows that K = {Ep}.

4) {E;} is isolated in 0X,. Suppose V C 0X; N X, is a neighborhood of E; and K C V is a compact invariant
set such that F; € K. Since K is compact and invariant, for any u € K there is a bounded and complete
orbit y(u) C K through w. Then from Lemma 4.3, L; is a Lyapunov functional on K and, for any v € K,
L; is constant on ~y(u) if and only if u = E;. Then [28, Theorem 2.52] implies that K = {E;}. If K’ C V is
a compact and invariant set such that E; ¢ K’, one can repeat the previous argument with K = K’ U {E;},
then conclude that K = {E;}, so K’ = (.

5) {Ep} is uniformly weakly repelling in X;. See the proof of Proposition 5.2.

6) {E;} is uniformly weakly repelling in X;. The proof is identical to the latter point (see Proposition 5.2)
after replacing Ro,;, Eo and zj respectively by v;;, E; and 7.

Then ® is uniformly weakly p;-persistent and the existence of a global attractor (corollary 2.5) implies that it is
actually uniformly p;-persistent ([28, Theorem 5.2 and hypothesis HO p.125]).

4. This a direct consequence of the uniform p;-persistence for i € {1,2} stated in item 3.

5. We have pi !, ({0}) = 9X1 N 90X, and U  w(u) = {Ep} (by Theorem 3.8). Then we can prove, exactly as
u€dX1NOXo

in the proof of Proposition 5.2, than {Ey} is compact, invariant, isolated and acyclic in 0X; N 0X5 and uniformly
weakly repelling in X3 U X2. We conclude that ® is uniformly weakly p;2o-persistence, and the existence of a global
attractor (corollary 2.5) implies that it is actually uniformly p;io-persistent ([28, Theorem 5.2 and hypothesis HO
p.125]).

O

We can now compute the basin of attraction of each equilibrium, by means of the LaSalle invariance principle [20,
Theorem 2.52].

Proof of Theorem 3.11. The proof proceeds exactly as for Theorem 3.8 (with L, = L; and F, = E; for item 1 and
L. = L3 and E, = Ej3 for item 2), except that here S is not closed. In this case, the inclusion w(K) C S is obtained
because S is invariant and @ is uniformly p;-persistent for item 1 or p; o-persistant for item 2 (Proposition 5.3, items 3
and 4 respectively). O

The critical case y1_2 = 72,1 = 1 is handled by Theorem 3.12.

Proof of Theorem 3.12. The proof proceeds in three steps. First we prove that E., U {E;, E2} is a compact attractor of
compact sets in Upcy1,2) Xx and is stable. Then we prove thate F is an attractor of points in X1 N X». Finally we prove
the formula limit of ®4(v).

1. Let K C X; U X5 be a compact set. Exactly as in the proof of Theorem 3.8, we know that K is attracted by a
compact invariant set w(K). It comes from the uniform p;o-persistence (Proposition 5.3) that w(K) C X; U Xs
and from Lemma 4.3 that for any i € {1,2}, L; is a Lyapunov functional on w(K) N X; (if it is not empty), strict
for B = Eoo U ({E;} Nw(K)).

Let v € w(K). Since w(K) is invariant and compact, there exists a bounded and complete orbit v(v) = {¥(t),t €
R} C w(K) through v. The compactness of w(K) implies that w(v) C w(K) and a(v) C w(K).

If v e X;N0X; for i,j € {1,2}, i # j, then the invariance of 9X; and the fact that w(v) Ua(v) C w(K) C X1 U X,
implies that w(v) Ua(v) C X; N0X,; Nw(K). Then we conclude as in the proof of Theorem 3.8 that v = {E;}. In
particular, w(K) N X; N 0X; is either empty, or reduces to {E;}.

If v € X; N X5, then both L; and Ly are well defined Lyapunov function on y(v) (Lemma 4.3). Moreover, since
a(v) C w(K), the previous paragraph implies that either a(v) C X3 N X5, or there exists ¢ € {1,2} such that
E; € a(v), and the same applies for w(v).

Suppose that E; € a(v), i.e. I(ty,)nen € Rli such that lim,, 4o tn, = 400 and lim, 40 ¥(—t,) = E;. We know
that L;(E;) =0 and t — L;(¥(t)) is a non-increasing non-negative function, then it comes that L;(®(t)) = 0 for
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all t € R, so y(v) = {E;}. In particular v = E;, which is absurd. Then E; ¢ a(v). Similarly, E; € w(v) because
t— L;j(¥(t)) (with j € {1,2}, j # i) is a non-increasing function and limy ) g, L;(¥(t)) = +o0o. We just proved
that a(v) Uw(v) C X3 N Xo.

We know that L; and Ly are constant on the invariant sets a(v) and w(v) ([28, Proposition 2.51]). In particular,
for any ¢ € {1,2} and any u € a(v) Uw(v), t —> L; o ®;(u) is constant. Then Lemma 4.3 implies that u € FEo, so
that w(v) C Ex and a(v) C Ex.

Now we prove that w(v) and «(v) are singletons. Indeed, Proposition 3.4 states that 7 = z3 and that E,, =
{Ei145:=(1—0)E1 +0Es : 0 €(0,1)}. Computing the values of L; and L, alongside this parametrization leads
0 yi Ys Y3 Y1
Li(Bii0) =0+ 2g(1 —0)+ 072, Ly(Fiin) =0+ 2g(0) + (1 — o)L, Vo € (0,1).
C1 C2 C2 C1
Since g is a decreasing function on (0,1), then 0 — Li(E14,) and 0 — Li(E14,) are respectively increasing
and decreasing functions on (0,1). In particular, the only subsets of E,, on which L; or Lo are constant are its

singletons. Since L; and Ls are constant on the invariant sets a(v) and w(v), then they both reduce to singletons,
say a(v) = E, and w(w) = E,.

We prove that F, = FE,. Indeed, assume that F, # FE,, then the opposite monotonicities of L; and Lq restricted to
E imply that either Li(E,) < L1(E,,) or L2(Ey) < L2(E,). On the other hand, for any i € {1, 2}, the Lyapunov
functional L; is non-increasing along the complete orbit v(v), then L;(Ey) = limy—y oo L; (U () > limy—s o0 L; (T () =
L;(E,). This is absurd, so a(v) = w(v) and reduces to a singleton {E; 14, } C Foo.

Then «(v) is a homoclinic loop connecting E 4, to itself and we can conclude, as in the proof of Theorem 3.8, that
~(v) reduces to w(v), i.e. {v} =w) C Fx.

We proved that w(K) C Eoo U{F1, Ea}, i.e. Eoo U{E1, Es} is a compact attractor of the compact sets of X; U Xs.
Since P is also state-continuous, uniformly in finite time, [28, Theorem 2.39] states that E.,U{E1, Es} is also stable.

. Now we prove that E is globally attractive in &3 N Xy, Let v = (20, y1,0, Y2,0) € X1 N X2, and denote, for all ¢t > 0,
D (v) = (z(t,.), y1(¢t), y2(¢)). The third item of Lemma 3.3 implies that

M_Mlyé(ﬂ at is (In oy _ M novs)
yi(t)  paya(t)’ that is (n oy )'(?) Ha2 (In og2)'(¢).

After integration, it comes that y; and yo are linked by the following algebraic relation

Y1,0 (38

y1(t
( ) Y20

(20)
Suppose that liminfy; (¢) = 0, then there exists (¢, )nen such that ¢, — +oo and y1(t,) — 0. Then, from
t—+oo n—-+4oo n—-+4oo

equation (20), y2(t,) e 0. From Lemma 2.6, w(v) is a non empty attractor of v, then there exists & € L'(R,,Ry)

such that (Z,0,0) € w(v), otherwise the sequence (z(ty), y1(tn),y2(ts)) would not belong to any neighborhood of
w(v). This is absurd as we proved that E., U{F1, Es} is an attractor of the compact sets of X; U X5, in particular
w({v}) C Ex U{E1, Ex}, while (%,0,0) € Ex U{E1, Es} for any 7 € L' (R, R,).

Then we proved that w(v) C E, so E is an attractor of points in X7 N X» and its stability is directly inherited
from the stability of E., U{E, E2} in X3 U Xs.

. We proved that E, := w(v) C Es. Let 0 € (0,1) such that By, = (z7,(1 — 0)yf,0ys) € w(v). Then there
exists (tn)nen € le such that lim, 4o t, = 400 and limy, 400 (Y1 (tn), y2(tn)) = (1 — o)y}, oys). Consequently,
equation (20) implies that
(L= o)yi = 722 oyp) /v, (21)
Y2,0
This equation admits at least one solution since w(v) # 0, and at most one because its left-hand side is a decreasing
function of o while its right-hand side is an increasing one.

O

Remark 5.4. We could actually note that the set E is the attractor of compact sets in X1 N Xo. This comes from the
fact that for any compact set K C X1 N Xa, then the function K 3 v := (20, y1,0,Y2,0) — o € (0,1) is continuous, where
o is the unique solution of (21). Consequently this function attains its bounds 0 < o1 < 09 < 1 and w(K) C {(z,y1,y2) €
X:y1 > (1 —01)yf,y2 > 01ys} € X1 N Xy, The first item of the latter proof can then be used similarly.
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6 Discussion

In this work, we have shown that introducing age-structure in a resource population shared by two competitors can
fundamentally alter the outcome of competition. In contrast with models where only the competitors are structured,
for which competitive exclusion generically prevails, we prove that heterogeneity in the interaction kernels may allow
for stable coexistence. We give necessary and sufficient conditions for existence, attractivity and stability of equilibria,
including in the critical case where a continuum of infinite number of equilibria exists.

From a biological perspective, our results support the idea that specialization with respect to resource age can act
as a mechanism of niche partitioning. The condition that the interaction kernels should not be proportional for stable
coexistence (Remark 3.5) reflects the need for sufficiently distinct competitive strategies.

This study could be generalized to n > 2 competitors, with most of the proofs being barely affected. The major
difficulty would lie in determining the conditions for the existence of equilibria with more that two competitors.

As pointed out in Remark 3.6, considering a constant influx of resources of age 0 implies that the best competitive
strategy is to focus on the youngest resources. This was illustrated in Example 3.13, where the two predators differ only
in their interaction term by a translation factor.

However, feeding partly on the youngest resources is not enough to ensure survival. As shown numerically in Example
3.14, a generalist population y, feeding on resources of all ages may not survive against a specialist population y; that
feeds (exlusively) on resources within a specific age range. From an epidemiological perspective, this can be interpreted as
different Plasmodium species competing for red blood cells, where P. vivax and P. ovale preferentially invade reticulocytes
(young red blood cells), P. malariae primarily targets mature cells, whereas P. falciparum can infect cells across all age
classes [24].

This radical optimal competitive strategy could be altered when considering two alternative assumptions that we are
exploring in ongoing works. First one can consider the case of linear birth rate (i.e. x(¢,0) = fooo Ma)z(t,a)da), so
that the competitors need to preserve the sustainability of the resource. Alternatively, in an ecological setting, one could
reasonably hypothesize that the nutritive value of a prey depends on its age (i.e. non-constant functions ¢; and ¢3), this
would change the picture in a non trivial way, as predators would face contradictory interests : being the first to reach
the prey while waiting for it to grow before hunting it.
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